Section 8



Admin

» Office Hours: Wednesday 1-2PM!
« Homework 3: March 2nd
« Course and Section Feedback?



Agenda

« Backpropagation (50 minl)
* Questions 1,2, 3



Backpropagation



Prelude: Chain Rule



A quick, very related aside...

Jacobian Matrices:
« Definition;
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« For some intuition think of f: R™ - R™ as a family of m functions that maps the input space

to the output fi, ..., fi,. The Jacobian maitrix is just the transposed gradient of these
functions.



Chain Rule (1)

Let f : R" — R™, g : R® — R". Write the Jacobian of f o g in terms of the Jacobian 4. of f and the Jacobian

:j‘f of g. Make sure the matrix dimensions line up. What conditions must hold in order for this formula to

make sense?

Jacobian Matrix:
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Chain Rule (1)

Let f : R" — R™, g : R* — R". Write the Jacobian of f o ¢ in terms of the Jacobian 4. of f and the Jacobian
99 of g. Make sure the matrix dimensions line up. What conditions must hold in order for this formula to

idx

make sense?

The Chain Rule theorem states that:

M(I) _9f (g(x)) - %(")

or Ay O
In order for the dimensions to line up for matrix multiplication, we must have Sf R™*"™ and 3;’ c R"*¢,
Note that by this convention, the gradient of a scalar function is a row vector:
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In order to apply the chain rule, f/ must be differentiable at ¢(r) and ¢ must be differentiable at .




Chain Rule (1b)

What if instead the input of ¢ is a matrix W € RP*7? Can we still write the derivative

Jacobian Matrix:
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of g as a matrix?



Chain Rule (1b)

What if instead the input of g is a matrix W' € RP*9? Can we still write the derivative 57 of g as a matrix?

No, we cannot. The derivative of ¢ : RP*? — R" would be a three-dimensional n x p x ¢ tensor. In practice,
people often flatten the input matrix W to a vector vec(W) € RPY, Then we can write the derivative of g
as a Jacobian matrix, mﬁ% c R"*r4, Then we must remember to un-flatten the derivative later when

we update the matrix W,




Back to Backpropagation



Backpropagation — Intuition

« "Backpropagation is the key algorithm that makes training deep model computationally
tractable” (Calculus on Computational Graphs: Backpropagation -- colah's blog)



https://colah.github.io/posts/2015-08-Backprop/

Backpropagation — Forward Prop.

Stealing from Joe Redmon’s Slides (Graduate Student herel): 03 - Deep Learning: Neurdl
Networks in Practice - Google Slides
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https://docs.google.com/presentation/d/1TW0oO7msvZqRZEGm7XkPcvr4CCTm8EHotYRm85cn08M/edit#slide=id.p

Backpropagation — Intuition
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Backpropagation — Intuition

ANfog), ,_Of  \\ 99,
dx (@) = dy ('{I(J J) ox (‘! )

W b f

oL/dX «

oL/owx+b <«

3L/dw  dL/db df(wx+b)/dwx+b

/




Backpropagation — Intuition
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Backpropagation — Intuition
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Backpropagation — Intuition
A28y = 2 (gt - S2(0)
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Backpropagation — Intuition
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Backpropagation — Neural Nets (3.1)

Consider a 1-hidden-layer neural network with a single output unit. Formally the network can be defined by the
parameters W (") e R"*4 p(0) ¢ R" W) € R™™" and b'") € R. The input is given by 2 € R?. We will use sigmoid
activation for the first hidden layer »z and no activation for the output y. Below is a visualization of such a neural

-

network with d = 2 and h = 4. RN
Q) S p)
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Backpropagation — Neural Nets (3.1a)

Write out the forward pass for the network using =, W (), 59 - W) (M) & and y.

Hint: Write z = ... andy = ...




Backpropagation — Neural Nets (3.1a)

Write out the forward pass for the network using =, W) 5@ > W (M) & and .

Hint: Write z = ... and y = ...
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Backpropagation — Neural Nets (3.10)
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Find the partial derivatives of the output with respect W and b''), namely




Backpropagation — Neural Nets (3.10)

Find the partial derivatives of the output with respect W) and V), namely 2% and -2
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Backpropagation — Neural Nets (3.1¢)

Now find the partial derivative of the output with respect to the output of the hidden layer =, that is 5
oz
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Backpropagation — Neural Nets (3.1¢)

Now find the partial derivative of the output with respect to the output of the hidden layer z, that is i—j’i
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Backpropagation — Neural Nets (3.1d)

Finally find the partial derivatives of the output with respect to 1W(?) and (), that is 2% and =%
— . ()” dy r}r; dz; dy __ dy 0z
Hint: First find — g and G . Then note that oW = 0z oD and O = oz f";f*f”]
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Backpropagation — Neural Nets (3.1d)

Finally find the partial derivatives of the output with respect to W and b®), that is —24~ and -
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Backpropagation — Weights (3.2)

Suppose we initialize all weights and biases in the network to 0 before performing gradient descent.
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Backpropagation — Weights (3.2a)

Suppose we initialize all weights and biases in the network to 0 before performing gradient descent.
For all = € RY, find ~» and y after the forward pass.
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Backpropagation — Weights (3.2a)

Suppose we initialize all weights and biases in the network to 0 before performing gradient descent.
For all = € RY, find ~» and y after the forward pass.
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Backpropagation — Weights (3.2b)

Suppose we initialize all weights and biases in the network to 0 before performing gradient descent.
dy Jy dy
W) gpll)y > g (o)

and 4. Note that some of the gradients will be in

Now find the values of the gradients
terms of .
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Backpropagation — Weights (3.2b)

Suppose we initialize all weights and biases in the network to 0 before performing gradient descent.

Now find the values of the gradients -2, 24 24— and 2% Note that some of the gradients will be in
terms of .
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Backpropagation — Weights (3.2c¢)

Suppose we initialize all weights and biases in the network to 0 before performing gradient descent.

Observe the values of each z; and observe each % and % What do you notice? And what does this
avv o,

imply for the expressiveness of the network? (Note that there is nothing special about the value 0 here, it just

simplifies the calculations. The same can be shown for initialization with any constant ¢)
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Backpropagation — Weights (3.2c¢)

Suppose we initialize all weights and biases in the network to 0 before performing gradient descent.

Observe the values of each z; and observe each ﬁ and % What do you notice? And what does this
ow @ 26

imply for the expressiveness of the network? (Note that there is nothing special about the value 0 here, it just
simplifies the calculations. The same can be shown for initialization with any constant ¢)

The key insight is that if we initialize the weights to all have the same value, all z; are the same. Similarly

all H--"f“ and b}” are the same too and so the output y could be expressed with just a single z; instead
of h. Thus the neural network boils down to just having a single hidden unit. The same holds for the

gradients, so during a step of gradient descent, I--I--"f” and bf—_” are updated in the same way. Thus after a
step of gradient descent, all I--If"f” and bi” are still the same. By induction, the same holds after an arbitrary
number of steps of gradient descent.




Backpropagation — Other Ways (3.3)

There are at least three other ways of computing the gradient of a complicated function f(x) : R" — R. For each of
these, think about one possible disadvantage that might explain why people tend to prefer reverse-mode automatic
differentiation (i.e. backprop) in practice.



Backpropagation — Other Ways (3.39)

Finite differencing. We can approximate the gradient as - ~ % (f(x + ce;) — f(x)), where ¢ is some small

ol ;

positive number and ¢; is the ith standard basis vector.



Backpropagation — Other Ways (3.39)

Finite differencing. We can approximate the gradient as % = %(f (x + ce;) — f(x)), where ¢ is some small

positive number and ¢; is the ith standard basis vector.

There are at least two possible disadvantages of this approach. First, it is an approximation: we must be
careful how we choose =. Second, this requires forward-propagating through f at least n times (once for
each standard basis vector), which is computationally expensive. That said, this method is very simple
to implement, and it is often used to check that other methods of differentiation have been implemented
correctly.




Backpropagation — Other Ways (3.3b)

Analytic differentiation. If we can write down a mathematical formula for f, we could derive a formula for V f
using pencil and paper, then write code to compute it directly.



Backpropagation — Other Ways (3.3b)

Analytic differentiation. If we can write down a mathematical formula for f, we could derive a formula for V f
using pencil and paper, then write code to compute it directly.

One disadvantage of this approach is that it’s error-prone: humans make mistakes. It might also be com-
putationally inefficient. For example, if the gradients of f with respect to variables » and y share a term,
we would want to compute that shared value only once and re-use it as necessary. In fact, if we implement
this properly, we’ve essentially re-invented and manually implemented automatic differentiation over a
computational graph.




Backpropagation — Other Ways (3.3¢)

Forward-mode automatic differentiation. You may be surprised to learn that there is there is an automatic dif-
ferentiation technique that proceeds forward through the graph and does not require saving any intermediate

results. In the example above, let v = W(»z + 5(¥) be the pre-activation output of the hidden layer. Above,
we computed
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2, WO 0w p(y = (25w p0 v } b0
AW () (@, W, 0 ) d..-:'( ) v () oW ( Ve, z,69)

(Note that —2%- is one of those cases where we need to flatten the matrix W (%) in order for the notation to
make sense.) We could instead have computed this gradient by multiplying in the other direction:
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This second method is called forward-mode automatic differentiation. Why do you think people usually use
reverse-mode autodiff instead?



Backpropagation — Other Ways (3.3¢)

This second method is called forward-mode automatic differentiation. Why do you think people usually use
reverse-mode autodiff instead?

Note that % is a vector, while ff]T and aﬁ)ﬁ are both matrices. It is usually the case that forward-mode
autodiff requires a matrix-matrix multiplication at each step, which takes more time than the vector-matrix
multiplication used in reverse-mode autodiff. Forward-mode autodiff does usually require less memory
than reverse-mode (since we don’t have to save the results of the forward pass), but for deep learning

workflows, memory is usually less important than computation time.




